Introduction {#Sec1}
============

Since the CQ algorithm for solving the split feasibility problem (SFP) was proposed \[[@CR1]\] in order to get better convergence speed, much attention has been paid to improve the variable stepsize of CQ algorithm.
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In \[[@CR1], [@CR3]\], Byrne proposed his CQ algorithm; it generates a sequence $\documentclass[12pt]{minimal}
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Considering that the projection onto the nonempty closed convex sets *C* and *Q* might be hard to be implemented, Yang \[[@CR4]\] and Xu \[[@CR5]\] showed that if *C* and *Q* are level sets of convex functions, it just needs to project onto half-spaces $\documentclass[12pt]{minimal}
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Noting that when applying ([1.2](#Equ2){ref-type=""}) and ([1.3](#Equ3){ref-type=""}) to solve the practical problems such as signal processing and image reconstruction, which can be covered by the SFP, it is hard to avoid that a fixed stepsize related to the norm of *A* sometimes affects convergence of the algorithms. Therefore, in order not to compute the matrix inverse and the largest eigenvalue of the matrix $\documentclass[12pt]{minimal}
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                \begin{document}$A^{T}A$\end{document}$ and have a sufficient decrease of the objective function at each iteration, people have invented various algorithms with a variable or self-adaptive stepsize. Since Qu \[[@CR6]\] presented a searching method by adopting Armijo-like search, many similar methods have been proposed, such as \[[@CR7]--[@CR12]\] etc. However, through these methods, self-adaptive stepsize at each iteration can be achieved, most formats of them are becoming more complex, it is difficult to apply them to some practical problems, and this needs considerable time complexity, especially for the large-scale setting and sparse problem.

On the other hand, another way to construct the variable stepsize without calculating matrix norm was proposed by Yang in \[[@CR13]\], that is, $$\documentclass[12pt]{minimal}
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                \begin{document}$$\sum_{n = 0}^{\infty}{\rho_{n} = \infty} , \qquad \sum_{n = 0}^{\infty}{ \rho_{n}^{2} < \infty} . $$\end{document}$$ at the same time, the additional conditions that *Q* is a bounded subset and *A* is a full column rank matrix are required. Wang *et al*. \[[@CR14]\] applied ([1.4](#Equ4){ref-type=""}) to solve the SFP. Afterwards, in order to remove the two additional conditions, López *et al*. \[[@CR15]\] introduced another choice of the stepsize sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{ {\tau_{n} } \}$\end{document}$ as follows: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \tau_{n} : = \frac{\rho_{n} f_{n} (x_{n} )}{ \Vert {\nabla f_{n} (x_{n} )} \Vert ^{2}}, $$\end{document}$$ where $\documentclass[12pt]{minimal}
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In order to improve these and avoid the calculations of $\documentclass[12pt]{minimal}
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                \begin{document}$\bar{x}_{n} \ne0$\end{document}$. The advantages of our choices ([1.7](#Equ7){ref-type=""}) and ([1.8](#Equ8){ref-type=""}) lie in facts that they not only possess simpler formats easily to be calculated and implemented in practice, but also have significantly faster convergence speed, especially in a large-scale setting and sparse problem. Secondly, we present two generalized variable stepsizes as follows: $$\documentclass[12pt]{minimal}
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                \begin{document}$p(x_{n})\ne0$\end{document}$. Consequently, stepsizes ([1.5](#Equ5){ref-type=""})-([1.8](#Equ8){ref-type=""}) are the special cases of ([1.9](#Equ9){ref-type=""}) or ([1.10](#Equ10){ref-type=""}), and many similar stepsize formats can be obtained from them.

Recently, Yao *et al*. \[[@CR17]\] have applied ([1.5](#Equ5){ref-type=""}) to an improved CQ algorithm with a generalized Halpern iteration. In paper \[[@CR18]\], we have modified the relative parameters with satisfactory conditions. Then, in this paper, we combine the iterations in \[[@CR17], [@CR18]\] with the KM-CQ iterations in \[[@CR19], [@CR20]\]. We propose two more general KM-CQ algorithms with the generalized variable stepsize ([1.9](#Equ9){ref-type=""}) or ([1.10](#Equ10){ref-type=""}), and they can be used to approach the minimum norm solution of the SFP that solves special variational inequalities.

The rest of this paper is organized as follows. Section [2](#Sec2){ref-type="sec"} reviews some propositions and known lemmas. Section [3](#Sec3){ref-type="sec"} gives two modified CQ algorithms with simpler variable stepsizes and shows the weak convergence. Section [4](#Sec6){ref-type="sec"} presents two general KM-CQ algorithms with the generalized variable stepsizes and proves the strong convergence. In Section [5](#Sec9){ref-type="sec"}, we include numerical experiments to testify the better performance of the proposed stepsizes and algorithms with typical problems of signal processing and image restoration. Finally, Section [6](#Sec12){ref-type="sec"} gives some conclusions and further research aim.

Preliminaries {#Sec2}
=============

Let *H* be a real Hilbert space with the inner product $\documentclass[12pt]{minimal}
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Recall that a mapping $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T:C \to H$\end{document}$ is nonexpansive iff $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Vert {Tx - Ty} \Vert \le \Vert {x - y} \Vert $\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x,y \in C$\end{document}$.

A mapping $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\psi:C \to H$\end{document}$ is said to be *δ*-contractive iff there exists a constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\delta\in[0,1)$\end{document}$ such that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bigl\Vert {\psi(x) - \psi(y)} \bigr\Vert \le\delta \Vert {x - y} \Vert $$\end{document}$$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x,y \in C$\end{document}$.

Recall also that the nearest point projection from *H* onto *C*, denoted by $\documentclass[12pt]{minimal}
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In a Hilbert space *H*, the next following facts are well known.

Proposition 2.2 {#FPar2}
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*For the SFP*, *we assume that the following conditions are satisfied in a Hilbert space* \[[@CR5]\]:

\(i\) *The solution set of the SFP is nonempty*.
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The relaxed CQ algorithm \[[@CR4]\] can be seen as a special case of the classical gradient projection method (GPM). To see this, we can consider the following convex minimization problem: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \min_{x \in C_{n} } f_{n}(x). $$\end{document}$$
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Proposition 2.3 {#FPar3}
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Proposition 2.4 {#FPar4}
---------------
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Next, we discuss a method to compute *μ*.

Proposition 2.5 {#FPar7}
---------------
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CQ algorithms with two simpler variable stepsizes {#Sec3}
=================================================

In this section, two simpler variable stepsizes are proposed below. The advantages of the two stepsizes, comparing with ([1.5](#Equ5){ref-type=""}) and ([1.6](#Equ6){ref-type=""}), are that neither prior information about the matrix norm *A* nor any other conditions on *Q* and *A* are required.

A simpler variable stepsize for CQ algorithm {#Sec4}
--------------------------------------------

We propose a new and simpler variable stepsize method for solving the feasibility problem. The algorithm is presented as follows.
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### Remark 3.1 {#FPar9}
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Now we prove the convergence property of Algorithm [3.1](#FPar8){ref-type="sec"}.
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The other simpler variable stepsize for CQ algorithm {#Sec5}
----------------------------------------------------

In this part, we introduce the other simpler choice of the stepsize $\documentclass[12pt]{minimal}
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### Algorithm 3.2 {#FPar12}
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Obviously, ([3.14](#Equ28){ref-type=""}) is also consistent with Remark [3.1](#FPar9){ref-type="sec"}. Thus, similar to the proof of Theorem [3.1](#FPar10){ref-type="sec"}, we can deduce that Algorithm [3.2](#FPar12){ref-type="sec"} converges weakly to a solution of SFP ([1.1](#Equ1){ref-type=""}).

Two general KM-CQ algorithms with generalized variable stepsize {#Sec6}
===============================================================

In this section, we integrate the variable stepsizes from ([1.5](#Equ5){ref-type=""}) to ([1.8](#Equ8){ref-type=""}) and obtain a variable stepsize that can cover them. After that, we apply it to improve the algorithms presented in \[[@CR17]\] and \[[@CR18]\] and construct two algorithms for approximating some solution of ([1.1](#Equ1){ref-type=""}).
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A generalized variable stepsize for a general KM-CQ algorithm {#Sec7}
-------------------------------------------------------------

The next recursion not only possesses a more generalized adaptive descent step, but it also can be implemented easily by the relaxed method.

### Algorithm 4.1 {#FPar13}
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The other extended algorithm {#Sec8}
----------------------------
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### Theorem 4.2 {#FPar17}
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Numerical experiments and results {#Sec9}
=================================

This section considers two numerical experiments to illustrate the performance of the above proposed variable stepsizes in CQ algorithm. Firstly, we see that a great amount of problems in signal and image processing can be seen as estimating $\documentclass[12pt]{minimal}
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If *x* is a sparse expansion, finding the solutions of ([5.1](#Equ40){ref-type=""}) can be seen as finding a solution to the least-square problem $$\documentclass[12pt]{minimal}
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Problem ([5.2](#Equ41){ref-type=""}) is a particular case of SFP ([1.1](#Equ1){ref-type=""}) where $\documentclass[12pt]{minimal}
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Next, following the experiments in \[[@CR15], [@CR26]\], we choose two particular problems, i.e., the compressed sensing and the image deconvolution, which are covered by ([5.1](#Equ40){ref-type=""}). The experiments compare the performances of the proposed stepsizes of the CQ algorithm in this paper with the stepsizes in \[[@CR15]\] and \[[@CR16]\].

Compressed sensing {#Sec10}
------------------

We consider a typical compressed sensing model, where a sparse signal recovery problem with a signal $\documentclass[12pt]{minimal}
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For stepsizes ([1.5](#Equ5){ref-type=""}) and ([1.6](#Equ6){ref-type=""}) in \[[@CR15]\] and \[[@CR16]\], respectively, we still consider the stepsize with constant $\documentclass[12pt]{minimal}
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The simulated results of different algorithms with different steps can be seen in Figure [1](#Fig1){ref-type="fig"} and Table [1](#Tab1){ref-type="table"}. Algorithms [3.1](#FPar8){ref-type="sec"} and [3.2](#FPar12){ref-type="sec"} have less iteration steps and smaller MSE, especially for Algorithm [3.1](#FPar8){ref-type="sec"}. Thus, we see that stepsizes ([3.3](#Equ17){ref-type=""}) and ([3.14](#Equ28){ref-type=""}) not only have simper formats than before, but also can make CQ algorithms have faster iteration and better restored precision. Table 1**Results of different stepsizes and algorithms for Figure ** [**1**](#Fig1){ref-type="fig"}**AlgorithmsMSE*n*CPU time (s)**CQ with ([1.5](#Equ5){ref-type=""})2.8021e−005660.8504CQ with ([1.6](#Equ6){ref-type=""})2.844e−005660.8579[3.1](#FPar8){ref-type="sec"}5.1714e−006250.6858[3.2](#FPar12){ref-type="sec"}1.5253e−006641.5685

Image deconvolution {#Sec11}
-------------------

In this subsection, we apply the CQ algorithms in the paper to image deconvolution. The observation model can also be described as ([5.1](#Equ40){ref-type=""}), we wish to estimate an original image *x* from an observation *y*, while matrix *A* represents the observation operator, and *ε* is a sample of a zero-mean white Gaussian field of variance *σ*. For the 2D image deconvolution problem, *A* is a block-circulant matrix with circulant blocks \[[@CR27]\]. We stress that the goal of these experiments is not to assess the restored precision of the algorithms, but to apply the algorithms in paper to solve this particular SFP, then compare the iterative speed and restored precision of the proposed stepsizes against the CQ algorithms.

According to papers \[[@CR26], [@CR27]\], we also take the well-known Cameraman image. In the experiments, we employ Haar wavelets, and the blur point spread functions are uniform blur with size $\documentclass[12pt]{minimal}
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The results of iteration steps, CPU time and the SNR improvements are presented in Table [2](#Tab2){ref-type="table"}. It also testifies that the proposed stepsizes and algorithms in this paper can give better performance. Table 2**Results for the restorations of different stepsizes and algorithmsBlur kernel**$\documentclass[12pt]{minimal}
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Conclusions and discussion {#Sec12}
==========================

In this paper, we have proposed two simpler variable stepsizes for the CQ algorithm. Compared with the other related variable stepsizes, they also need not to compute the largest eigenvalue of *A* and can be calculated easily. Furthermore, we also presented a more general KM-CQ algorithm with generalized variable stepsizes. As a special case, we deduced another general format. Obviously, both the general algorithms with the generalized variable stepsizes can solve the SFP and some special variational inequality problem better. The corresponding weak and strong convergence properties have also been established. In the experiments, through the compressed sensing and image deconvolution models, we compare the proposed stepsizes with the former ones, the results obtained from the proposed stepsizes and algorithms appear to be significantly better.
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